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The Contact Problem in
Ultrasonic Traveling-Wave Motors
In this paper the contact mechanism between stator and rotor will be considered in detail,
which plays a key role in ultrasonic motors. A planar contact model for the stator-rotor
interaction in traveling-wave type ultrasonic motors is derived, including rotor flexibility
and differenciating between stick and slip regions in the contact zones. The model analy-
sis shows that depending on the motor’s operating conditions, complicated contact be-
havior may occur with several stick-slip subzones in each contact zone. The typical
nonlinear resonance observed in ultrasonic motors can be explained with the present
analysis. Both the stiffness of the contact layer and of the rotor may drastically influence
the speed-torque characteristics. The results will contribute to a better understanding of
the contact mechanics in ultrasonic motors. �DOI: 10.1115/1.4000380�
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speed-torque characteristic
Background
The mechanics of ultrasonic traveling-wave motors �USMs�

ontains a number of problems, which have not been modeled yet
n detail. The contact problem between stator and rotor is probably
he most important one. Though several models have been pro-
osed in the past, the contact problem is usually oversimplified.
xperimental investigations show that rotor flexibility strongly in-
uences torque-speed characteristics. Additionally, assuming a
ure slip law for the tangential contact overestimates the frictional
osses in the motor. A comprehensive survey of the state of the art
f stator-rotor contact in USMs is given by Wallaschek �1�. Zharii
nd Ulitko �2�, and Le Moal and Minotti �3� applied the half-space
ethod. The former paper assumes a rigid rotor, while the latter

ssumes the stator as a rigid intender with a sinusoidal profile and
gnores the inertias of the rotor and the contact layer. Cao and

allaschek �4� modeled the rotor as a rigid body, and the stator
otion was prescribed. For the normal contact a visco-elastic ma-

erial law was chosen, whereas the contact layer was modeled as
igid in tangential direction. Within one contact zone they found
p to three driving and braking contact subzones. Schmidt et al.
5� chose a similar model as proposed in Ref. �4�. It was shown
hat the feedback of the rotor on the stator motion is negligible in
he vicinity of resonance. In Ref. �6� a complete motor model
ased on design parameters was proposed, where the rotor was
odeled as a rigid body with one rotational and one axial degree

f freedom. A pure slip law was assumed for the contact. Hage-
orn et al. �7� extended this motor model by incorporating rotor
exibility. It turns out that the measured torque-speed character-

stics cannot be matched when rotor flexibility is ignored, while
ood results are obtained including the flexibility of the rotor in
he model.

The aforementioned models have led to a deeper and better
nderstanding of USMs. Measured torque-speed characteristics
re, for example, reproduced well by these simplified contact
odels if only a few of the model parameters are adjusted accord-

ngly. A more detailed modeling is achieved by using a contact
odel with compliance both in normal and tangential direction,

istinguishing between stick and slip-contact states and by incor-
orating rotor flexibility in the contact model. If, for example,
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particular torque-speed characteristics are desired, such models
shall give guidelines how to choose the proper motor parameters.
Also, in order to improve the motor efficiency a detailed descrip-
tion of the contact behavior between stator and rotor would be
helpful, since measurements of the contact state between stator
and rotor are difficult to carry out.

A typical plate-type USM with the operational eigenmode of
the stator is shown in Fig. 1. A detailed description of the working
principle of this motor is found in Ref. �8� or Ref. �9�, for ex-
ample. The stator is clamped at the inner radius and free at the
outer radius, ri=10 mm and ra=30 mm. By electrical excitation
of a piezoceramic ring, which is bonded to the lower surface of
the stator, a bending-wave of the shape illustrated in Fig. 1 is
excited in the stator, traveling in the circumferential direction. The
traveling bending-wave is obtained by appropriate excitation of
two degenerated bending modes excited in resonance with a cir-
cular frequency � and a temporal phase shift of 90 deg. The
excitation frequency of USMs is above 20 kHz, and the vibration
amplitudes in the stator usually are in the micron range. The stator
behaves as a plate-type structure. Thus, the traveling bending-
wave causes points on the stator surface to run through elliptic
trajectories. With the rotor pressed against the stator, frictional
forces in the contact zones produce the torque that drives the rotor.
It is the objective of this paper to investigate the steady-state
motor operation of ultrasonic traveling-wave motors under simpli-
fying assumptions but including a contact model with a visco-
elastic contact layer both for normal and tangential contact, stick
and slip tangential contact, and rotor flexibility.

2 Modeling
The contact between stator and rotor takes place in a small strip

r� �ra−s ,ra� of width s�ra, in the vicinity of the outer radius ra.
Here s is the width of the contact layer depicted in Fig. 1. To
simplify basic understanding and computation, the radial displace-
ments and contact forces are ignored, and the lateral and tangen-
tial displacements and contact forces are assumed to be constant
for r� �ra−s ,ra�. Hence, stator and rotor may be described by a
planar model, as for example by straight Bernoulli–Euler beams
with periodic boundary conditions, see Fig. 2. But note that for an
overall motor optimization, it is important to take the radial con-
tact pressure distribution into account, especially with respect to
wear effects.

The proposed planar contact model, as shown in Fig. 2, is based

on the kinematics of USMs comparable to Shinsei USR motors.
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uch motors have nw wave-trains along the circumference. Thus,
t steady-state motor operation, nw, contact zones at the outer
adius occur in the circumferential direction. Since the system is
eriodic �period ��, it is sufficient to model only one contact zone.
oth stator and rotor rest on elastic foundations with stiffnesses ks
nd kr, respectively, and are modeled using the Bernoulli–Euler
eam theory. The stator and rotor have bending stiffnesses EsIs
nd ErIr, respectively. The cross sections are As and Ar, the beam
eights are hs and hr, and the mass densities are denoted as �s and
r. The contact layer is described by the parameters Ec, �c, Gc,
nd �c, which represent Young’s modulus, the viscous-damping
oefficient, the shear modulus, and the viscous shear damping
oefficient, respectively. The effect of the electrical excitation of
he piezoceramic sections on the deformation of the stator sub-
trate can be substituted by localized external bending moments
ˆ . The axial pressure p forces the rotor and stator together. The
ontact layer in Fig. 4 is modeled as a point-visco-elastic founda-
ion in normal and tangential directions.

2.1 Kinematics. In the planar contact model, shown in Figs. 2
nd 3, three reference frames are taken: a laboratory fixed,

O ,x ,z�, a rotor fixed, �Ō , x̄ , z̄�, and a traveling-wave fixed refer-

nce frame �Õ , x̃ , z̃�, as chosen also by Cao and Wallaschek �4�.

contact layer

rotor

disc spring

stator

piezoceramic layer

Fig. 1 Shinsei USR60 ultrasonic traveling-wave motor
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Fig. 2 Planar stator-rotor contact model
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Fig. 3 Deformed configuration and reference frames
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The origins O and Ō are located on the neutral axis of the stator
and the rotor, respectively, in the reference configuration, i.e., the
configuration without external loads. Taking x as the axial coordi-
nate of the straight beam model �corresponding to x=ra�� with
the outer circumferential length L=2�ra, the displacements of
stator, rotor, and contact layer, us, ur, and uc, respectively, are
given by

us�x,z,t� = − zws��x,t�ex + ws�x,t�ez �1�

ur�x̄, z̄,t� = − z̄w̄r��x̄,t�ex + w̄r�x̄,t�ez �2�

uc�x̄, z̄,t� = ur�x̄, z̄,t� + �ūc�x̄,t�ex + w̄c�x̄,t�ez� �3�

where the prime denotes the derivative with respect to the coor-
dinates x and x̄, respectively. The excitation and superposition of
two orthogonal bending modes in the stator with a temporal phase
shift of 90 deg results in

ws�x,t� = ŵ cos kx cos �t 	 ŵ sin kx sin �t = ŵ cos�kx − �t� ,

k =
2�

�
, � =

L

nw
�4�

with k being the wave number, nw being the number of nodal
diameters, and � being the wavelength. Substituting Eq. �4� into
Eq. �1� results in elliptic trajectories of stator surface points. Ac-
cording to Eq. �4� the traveling-wave speed of the bending-wave

in the stator and the wave fixed reference frame �Õ , x̃ , z̃� is given
by

vw =
�

k
�5�

The reference frame �Ō , x̄ , z̄� is defined to move with positive
rotor speed, vr, in the positive ex-direction. Note that the rotor
speed, vr, has an opposite sign to the traveling-wave speed, vw,
due to the special kinematics of the bending deformation in
Bernoulli–Euler beam models. The coordinate transformations be-
tween the coordinates of the different reference frames are

x̄ = x − vrt, z̄ = z −
hs

2
− hc −

hr

2
�6�

x̃ = x − vwt, z̃ = z �7�

x̃ = x̄ + vdt, z̃ = z̄ +
hs

2
+ hc +

hr

2
with vd ª vr − vw = vr −

�

k

�8�
The displacements of stator, rotor and contact layer will be

expressed in coordinates of the traveling-wave fixed reference
frame. In this reference frame the harmonic traveling-wave degen-
erates into a standing wave. For the stator displacement one gets

w̃s�x̃,t� ª ws�x̃ − vwt,t� �9�

The time derivative, � · �˙ , with respect to the laboratory fixed ref-
erence frame �O ,x ,z� results in

ẇ̃s�x̃,t� = ẘ̃s�x̃,t� − vww̃s��x̃,t� �10�

where � · �˚ represents the time derivative with respect to the
traveling-wave fixed reference frame. In the vicinity of the mo-

tor’s resonance and in the steady-state motor operation � · �˚ =0 is
assumed. For the time derivatives of the rotor and contact layer
displacements similar relations as Eq. �10� hold. Note that for the
motor operating near resonance peak, higher order harmonics of
the excitation frequency are neglected.

The displacement functions of all surface points of stator and

contact layer are therefore defined as
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ûs�x,t� ª us�x,
hs

2
,t�, ûc�x̄,t� ª uc�x̄, h̄,t� with h̄ = −

hr

2
− hc

�11�
here it should be clear that throughout the modeling a hat sym-

ol � · �ˆ indicates a field variable on a surface. After carrying out a
oordinate transformation according to Eqs. �7� and �8�, the dis-
lacement of stator and contact layer surface points û̃s�x̃ , t� and

ˆ
c�x̃ , t� are obtained. The velocities of surface points under
teady-state conditions are derived according to Eq. �10�

v̂̃s�x̃� ª u̇̂̃s�x̃� = − vww̃s��x̃�ez +
hs

2
vww̃s��x̃�ex �12�

v̂̃c�x̃� ª u̇̂̃c�x̃� = �vr + vdh̄w̃r��x̃� + vdũc��x̃��ex + vd�w̃r��x̃� + w̃c��x̃��ez

�13�
geometrical contact formulation with a nonpenetration condi-

ion is chosen for considering normal contact, see Ref. �10�. This
mplies only a small penetration of the midlines of the rough
urfaces. Such an assumption is justified by the facts that, on one
and, the contacting surfaces are surface finished to reduce the
verage surface roughness to values smaller than the vibration
mplitudes in the stator. On the other hand, the contact pressure
etween stator and rotor is usually in the range of only several
/mm2, which can be regarded as a low-level contact pressure,

ee, e.g., Refs. �11–13�.
When using geometric linear kinematics, the coordinates of two

ontacting surface points �x̃P , x̃Q� of stator and contact layer,

early coincide, x̃P� x̃Q� x̃. Therefore, the relations û̃s�x̃�ez

û̃c�x̃�ez , v̂̃s�x̃�ez= v̂̃c�x̃�ez hold for the normal contact in the

z-direction, yielding

w̃s − w̃r − w̃c = 0 �14�

vww̃s� + vd�w̃r� + w̃c�� = 0 �15�
he relative velocity for the tangential contact can be defined as

rel�x̃�ª �v̂̃s�x̃�− v̂̃r�x̃�� ·ex, leading to

ṽrel =
hs

2
vww̃s� − �vr + vdh̄w̃r� + vdũc�� �16�

visco-elastic contact layer exhibits a spatial phase shift between
he wave-crest and z̃-axis. Therefore, the contact boundaries

B̃ , C̃� in Fig. 4 have different coordinates. The bending-wave is
ssumed to travel in the positive x̃-direction according to Eq. �4�,

contact
layer

rotor

stator
B C

z

x
-b c

~
contact zone

~

~
~~

~

Fig. 4 Contact layer model
nd thus surface points of stator and contact layer to the right of

ournal of Applied Mechanics
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x= c̃ approach each other. Conversely, points to the left of x̃=−b̃

separate from each other. The contact length is b̃+ c̃. Therefore,

locations x̃= c̃ and x̃=−b̃ represent the beginning �point C̃� and

end �point B̃� of the contact zone, respectively. The periodic
boundary conditions are formulated at x̃=−� /2 and x̃=� /2.

2.2 Dynamics

2.2.1 Hamilton’s Principle. The equations of motion of the
contact model are derived from Hamilton’s principle

�
t1

t2

�
L + 
W�dt = 0 with L ª T − U �17�

The Lagrange function, L, consists of the kinetic and potential
energy of stator, rotor, and contact layer

L = �Ts + Tr + Tc� − �Us + Ur� �18�

Since for the contact layer height hc�hs and hc�hr holds, one
can assume in a first approximation that the kinetic energy term of
the contact layer is much smaller than the contributions of the
other kinetic energy terms. Thus, we set Tc=0. No potential en-
ergy term for the contact layer is defined since we will use a
visco-elastic foundation model for this layer, using the virtual
work of its inner forces and not the internal energy.

The virtual work, 
W, is broken up into several terms represent-
ing contributions due to forces acting on the stator, 
Ws, the rotor,

Wr, and the contact layer, 
Wc


W = �
Wsm
+ 
Wsd

+ 
Wsc
� + 
Wrp

+ �
Wci
+ 
Wcc

� �19�

The various energy and work expressions are given below.

2.3 Stator Energy and Work Terms. The terms of kinetic
and potential energy of a Bernoulli–Euler beam are

Ts = 1
2�

0

nw�

�sAsẇs
2dx, Us = 1

2�
0

nw�

�EsIsws�
2 + 1

2ksws
2�dx

�20�

The stator rests on an elastic foundation with stiffness ks. Note
that the integration is carried out over the length L=nw� of the
beam model. The virtual work due to the bending moment exci-
tation may be written as


Wsm
=�

0

nw�s

− M�x,t�
ws�dx �21�

The bending moment excitation, M�x , t�, is chosen to act symmet-
ric with respect to the z̃-axis of the traveling-wave fixed reference
frame �see Figs. 3 and 4�. Thus, the z̃-axis intersects with the
wave-crest of the traveling bending-wave for an elastic contact
layer. The bending moment distribution shall travel with the wave
speed vw from the left to the right. In coordinates of the traveling-
wave fixed reference frame this leads to

M̃�x̃� = M̂	
j=0

nw ��− 1� j2
h�x̃ +
�2j + 1��

4
�

− h�x̃ −
�2j + 1��

4
�� − 1� �22�

where h is the step function. The practical realization of such a
traveling bending-wave is not important for what follows. The
contact force Fc with the normal and tangential contact force com-
ponents acting on the stator produce the virtual work


Wsc
=�nw�

Fc
ûsdx with Fc�x,t� ª − FT�x,t�ex − FN�x,t�ez

0

MAY 2010, Vol. 77 / 031014-3
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�FN� = �FT� = �N/m� �23�

nner damping mechanisms within the stator substrate and the
iezoceramic material are described by a visco-elastic damping
aw


Wsd
=�

0

nw�

�sEsIsẇs�
ws�dx �24�

ith loss factor �s.

2.4 Rotor Energy Terms. As it was done for the stator, the
erms of the rotor kinetic and potential energy may be formulated
s

Tr = 1
2�

0

nw�

�rAr�vr
2 + ẇ̄r

2�dx̄, Ur = 1
2�

0

nw�

�ErIr�w̄r��
2 + krw̄r

2�dx̄

�25�

here kr is the stiffness of the rotor’s elastic foundation. The
ifference here is that the spatial integration is carried out with

espect to the coordinates of the reference frame �Ō , x̄ , z̄�, fixed to
he rotor rigid body motion in the ex-direction. The axial pressure,
ressing the rotor against the stator, yields the virtual work term


Wrp = −�
0

nw�

p�x̄�
w̄rdx̄, p�x̄� =
Faxial

nw�
�26�

2.4.1 Contact Layer Work. In USMs a special contact material
etween stator and rotor is often used to improve such features as
he maximum torque or wear properties, for example. Polymer

aterials are mostly used for this purpose. In Ref. �14�, p. 288,
everal of these contact layer materials are described. More de-
ailed investigations concerning contact layer materials have been
onducted by Rehbein and Wallaschek �15�. For the polymer ma-
erials at harmonic loading cycles, a simplified form of a Kelvin–
oigt material model is used. In the point-visco-elastic foundation
odel depicted in Fig. 4 neighboring particles are decoupled, i.e.,

hey have no influence to each other. Indeed, from a modeling
oint of view and applying linear theory of visco-elasticity, it
urns out that the coupling between neighboring particles is neg-
igible for thin contact layers. For the normal and tangential
tresses in the contact layer

�̄�x̄,t� = Ec��̄�x̄,t� + �c�̇̄�x̄,t��, 
̄�x̄,t� = Gc��̄�x̄,t� + �c�̇̄�x̄,t��
�27�

re obtained. The viscous-damping coefficients are related to the
oss tangents by

�c�ref = tan 
c�, �c�ref = tan 
c� �28�

here �ref is the circular frequency at which a loss tangent is
easured.
The strain �̄ in the z̄-direction and the shear strain �̄ in the x̄

z̄ direction are approximated by

�̄�x̄,t� =
w̄c�x̄,t�

hc
, �̄�x̄,t� =

ūc�x̄,t�
hc

�29�

ultiplication of Eq. �27� with the width s of the contact model
esults in

F̄cN�x̄,t� = kzw̄c�x̄,t� + dzẇ̄c�x̄,t�, F̄cT�x̄,t� = kxūc�x̄,t� + dxu̇̄c�x̄,t�
�30�

ith

kz =
sEc

hc
, kx =

sGc

hc
, dz =

sEc�c

hc
, dx =

sGc�c

hc
�31�
n case of isotropic material behavior

31014-4 / Vol. 77, MAY 2010
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Gc =
Ec

2�1 + �c�
�32�

holds. The virtual work of the inner forces leads to


Wci =�
0

nw�

�F̄cN
w̄c + F̄cT
ūc�dx̄ �33�

As it was done for the contact forces acting at the stator for the
contact layer, the following expression is obtained:


Wcc =�
0

nw�

− F̄c
û̄cdx̄ �34�

The effect of the tangential contact force, F̄T, on the deformation
of the rotor is assumed to be negligible, since hr�hs is chosen.
Thus, the term z̄w̄r��x̄ , t� in Eq. �3� is ignored when inserted in Eq.
�34� resulting in


Wcc ��
0

nw�s

�F̄N
w̄c + F̄T
ūc + F̄N
w̄r�dx̄ �35�

For the contact forces between stator and contact layer, the

relation Fc�xP , t�=−F̄c�x̄Q�t� , t� must hold, where �xP , x̄Q� is the
coordinates of contacting surface points of stator and rotor, re-
spectively, at time t.

2.4.2 Equations of Motion in Wave Fixed Coordinates. The
equations of motion are now derived in a straightforward proce-
dure by carrying out the variations and the partial integrations in
Hamilton’s principle. Then, a transformation into coordinates of
the traveling-wave fixed reference frame is carried out by using
Eqs. �7� and �8� and considering Eq. �10�. We can then state the
stator and rotor equations of motion

�sAsvw
2 w̃s� + EsIsw̃s� − �sEsIsvww̃s�� + ksw̃s = M̃� − F̃N +

hs

2
F̃T�

�36�

�rArvw
2�1 − 2

vr

vw
+ � vr

vw
�2�w̃r� + ErIrw̃r� + krw̃r = F̃N − p̃ �37�

2.4.3 Contact Formulation and Contact Laws. Normal and
tangential contact forces occur in the contact zone. For normal
contact we assume

F̃N � 
F̃cN if x̃ � �− b̃, c̃� : contact

0 if x̃ � 
−
�

2
,
�

2
� \ �− b̃, c̃� : no-contact� �38�
whereas for tangential contact the friction law
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F̃T �
F̃cT if x̃ � �− b̃, c̃� ∧ ṽrel = 0 : stick

sign�ṽrel��F̃cN if x̃ � �− b̃, c̃� ∧ ṽrel � 0 : slip

0 if x̃ � 
−
�

2
,
�

2
� \ �− b̃, c̃� : no-contact� �39�
˜

s used. The forces F̃cN and F̃cT in Eqs. �38� and �39� are the
aterial laws, Eq. �30�, expressed in coordinates of the traveling-
ave fixed reference frame at steady-state

F̃cN�x̃� = kzw̃c�x̃� + vddzw̃c��x̃�, F̃cT�x̃� = kxũc�x̃� + vddxũc��x̃�
�40�

e have not distinguished between slipping coefficient �slip and
ticking coefficient �stick. Wallaschek �1� pointed out that for most
f the contacting material pairs in USMs both coefficients are
early the same.

At the beginning of the contact zone �x̃= c̃�, the contact layer
isplacement shall satisfy

ũc�c̃� = 0, w̃c�c̃� = 0 �41�
n Eq. �41�, it is implicitly assumed that the viscous-damping
erms dx and dz of the contact layer material are sufficiently small,
o that the contact layer can expand fast enough to its undeformed
onfiguration before the next wave-crest arrives �see Fig. 4�. In
ase the expansion of the contact layer into its undeformed con-
guration is not fast enough, two additional unknowns, ũc�c̃� and

c�c̃�, are introduced, which require additional iterations in the
olution procedure.

The first boundary condition is obtained at the beginning of the

ontact zone �point C̃�. Taking Eq. �14� at this boundary and con-
idering Eq. �41� yield the following geometrical condition

w̃s�c̃� − w̃r�c̃� = 0 �42�

hich states that contact occurs at point C̃. At the end of the

ontact zone �point B̃�, the normal contact force must vanish due
o the beginning of separation. Thus, using Eq. �38� together with
qs. �40�, �14�, and �15�, gives

F̃N�− b̃� � kz�w̃s�− b̃� − w̃r�− b̃�� + vddz
−
vw

vd
w̃s��− b̃� − w̃r��− b̃��

= 0 �43�
he third condition corresponds to the tangential contact layer
isplacement at the beginning of the contact zone, see Eq. �41�

ũc�c̃� = 0 �44�

2.4.4 Motor Output Force (Torque). At steady-state motor op-
ration, the balance Fload=Fmotor holds. The motor output force
motor at steady-state motor operation, shown in Fig. 2, is com-

uted from the tangential contact force F̃T�x̃� with

Fmotor = nw�
−b̃

c̃

F̃T�x̃�dx̃ �45�

Contact Problem Analysis
In Sec. 2 the equations of motion for the steady-state contact

roblem of traveling-wave type ultrasonic motors have been de-
ived. The contact problem is given by the contact kinematic
quations �14�–�16�, the equations of motion of the stator and the
otor in Eqs. �36� and �37�, the contact laws for normal and tan-

ential contact in Eqs. �38�–�40�, as well as the contact boundary
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conditions in Eqs. �42�–�44�. The given quantities are the axial

preload p̃ in Eq. �26�, the bending moment excitation M̃�x̃� in Eq.
�22�, the traveling-wave speed vw or the circular excitation fre-
quency �, given in Eq. �5�, as well as the rotor speed vr. The
displacement functions for stator, rotor and contact layer, w̃s�x̃�,
w̃r�x̃�, w̃c�x̃�, and ũc�x̃�, the contact boundary coordinates b̃ and c̃,
as well as the motor output force Fmotor, are the unknown quanti-
ties.

The solution procedure is divided into four steps. First, in Sec.
3.1, the contact layer displacements are analytically solved and
expressed by the stator and rotor displacements. Then, in Sec. 3.2,
a Fourier-series expansion of the stator and rotor displacement
functions are introduced, and an assumption is stated, which al-
lows one to divide the contact problem into two solution steps: the
solution of the normal contact problem and the tangential contact
problem. In Sec. 3.3 the normal contact problem is solved inde-
pendently from the tangential contact problem by first carrying
out a Galerkin-discretization and then solving numerically the
nonlinear algebraic equations. Owing to the normal contact force
distribution taken from the results in Sec. 3.3, only the tangential
contact force distribution needs to be calculated. This is done in
Sec. 3.4.

3.1 Contact Layer Displacements. The contact layer dis-
placements w̃c�x̃� and ũc�x̃� and their derivatives can be expressed
by the lateral displacements of stator and rotor within a contact

zone �−b̃ , c̃�, see Fig. 4. Outside the contact zone, the contact
layer displacements are not relevant. By rearranging the normal
contact kinematic equations �14� and �15�

w̃c = w̃s − w̃r �46�

w̃c� = −
vw

vd
w̃s� − w̃r� �47�

follow.
For calculating the tangential displacement function ũc�x̃�, it

must be distinguished between a stick or slip-contact state, ac-

cording to Eq. �39�. In a stick-subzone, Ui
stick� �−b̃ , c̃�, the tangen-

tial displacement of the contact layer results from the condition
vrel=0. Solving Eq. �16� for ũc gives

ũc
sticki�x̃� = − � vr

vd
x̃ + h̄w̃r�� +

hsvw

2vd
ws��x̃� + Ki

stick �48�

with the integration constant Ki
stick. The tangential force for stick-

ing according to Eq. �40� yields

F̃cT
sticki�x̃� = kxũc

sticki�x̃� + vddxũc
sticki�x̃�� �49�

In a slip-subzone, Ui
slip� �−b̃ , c̃�, the tangential contact force fol-

lows from Eq. �39� by inserting Eqs. �38� and �40� and substitut-
ing w̃c with Eqs. �46� and �47�

F̃T
slipi � sign�ṽrel���kz�w̃s − w̃r� − dz�vww̃s� + vdw̃r��� �50�

Since F̃cT= F̃T
slipi holds, the material law in Eq. �40� and the fric-
tional contact force in Eq. �50� can be inserted, resulting in
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vddxũc
slipi�x̃�� + kxũc

slipi�x̃� = sign�ṽrel���kz�w̃s − w̃r� − dz�vww̃s�

+ vdw̃r��� �51�

hich is a linear inhomogeneous differential equation for the tan-
ential contact layer displacement ũc

slipi�x̃�. The solution is com-
osed of the solution of the homogeneous equation and a particu-
ar solution of the inhomogeneous equation

ũc
slipi = ũch

slipi + ũcp
slipi �52�

he solution of the homogeneous equation may be written as

ũc
slipi�x̃� = K̃i

slipe−�kx/vddx�x̃ �53�

nd the particular solution

ũcp
slipi�x̃� = sign�ṽrel�Ũcp

slipi�x̃� �54�

ollows under the assumption that w̃s and w̃r are already known
unctions from an preceding iteration step. Note that ṽrel in Eq.
51� depends on the tangential contact layer displacement ũc

slip�x̃�,
ee Eq. �16�. If ũc

slipi is known, Eq. �52� can be inserted into Eq.
16�, yielding

ṽrel =
hs

2
vww̃s� − �vr + vdh̄w̃r� + vd�ũch

slipi�x̃�� + sign�ṽrel�Ũcp
slipi�x̃����

�55�

he unknown relative velocity occurs on both sides of this equa-
ion. However, the resulting value can be found relatively easy by,
or example, assuming sign�ṽrel�=1 in Eq. �55� and computing the
esulting ṽrel. After computation, the sign of sign�ṽrel� must be
hecked if it agrees with the assumption. If not, then sign�ṽrel�
−1 is valid. The result of sign�ṽrel� is then put into Eq. �50�.
Depending on the motor’s operating conditions, the contact

one �−b̃ , c̃� can be composed of Nc alternating stick and slip
ubzones, beginning and ending either with a stick-subzone or a
lip-subzone

�− b̃, c̃� = U1
slip � U2

stick � U3
slip � ¯ � UNc

slip/stick or

�− b̃, c̃� = U1
stick � U2

slip � U3
stick � ¯ � UNc

slip/stick �56�

he boundaries of stick and slip-contact subzones are called tran-
ition points and are denoted by p̃i , i=1, . . . ,Nc+1. It is p̃1= c̃

nd p̃Np
=−b̃. It is

�− b̃, c̃� = �p̃Nc+1, p̃Nc
� � ¯ � �p̃2, p̃1� �57�

The integration constants Ki
stick and K̃i

slip in Eqs. �48� and �53�
ust be determined by matching the displacement boundary con-

itions between stick and slip-contact subzones.

3.2 Fourier-Series Expansion and Contact Problem
ormulation. To solve the contact problem, stator and rotor dis-
lacements are expressed by Fourier-series expansions

w̃s�x̃� = 	
n=1

N

�An cos�nkx̃� + Bn sin�nkx̃�� �58�

w̃r�x̃� = w̃r0 + 	
n=1

N

�Cn cos�nkx̃� + Dn sin�nkx̃�� �59�

igid body deflections, w̃s0 of the stator in the z̃-direction are
gnored in Eq. �58�. In Sec. 3.1 the contact layer displacements

c�x̃� and ũc�x̃� have been analytically expressed by the stator and
otor displacements. Thus, no separate Fourier-series expansion of

hese displacement functions is necessary. Only for the particular

31014-6 / Vol. 77, MAY 2010
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solution Ũcp
slipi�x̃� in Eq. �54� a Fourier-series expansion is neces-

sary

Ũcp
slipi�x̃� = 	

n=1

N

�En
slipi cos�nkx̃� + Fn

slipi sin�nkx̃�� + K̃pi

slip �60�

The unknown parameters are the 4N+1 Fourier-coefficients
A1 , . . . ,DN , w̃r0, the �Nc−Nc

stick��2N+1� Fourier-coefficients

E1
slipi , . . . ,FN

slipi , K̃pi

slip, the Nc integration constants K̃i
stick and K̃i

slip,

as well as the two boundary points −b̃ , c̃, and the Nc−1 transition
points p̃2 , . . . , p̃Nc−1. Provided that the coefficient of friction is
appreciably less than unity, see Ref. �16�, pp. 203–204, the influ-
ence of the tangential contact forces on the normal contact forces
and on the contact area is small. This allows one to divide the
contact problem into the solution of the normal contact problem
and the tangential contact problem.

3.3 Normal Contact Problem. The normal contact problem
is given by the kinematic equations Eqs. �46� and �47�, the equa-
tions of motion of the stator and the rotor, Eqs. �36� and �37�, with

F̃T=0, vr=0, and Fmotor=0 together with the contact boundary
conditions, Eqs. �42� and �43�. The given quantities are the axial

preload p̃, Eq. �26�, the bending moment excitation M̃�x̃�, Eq.,
�22�, as well as the traveling-wave speed vw or the circular exci-
tation frequency � given in Eq. �5�. The unknown parameters are
the 4N+1 Fourier-coefficients A1 , . . . ,DN , w̃r0 of the stator and
rotor displacement, Eqs. �58� and �59�, and the two boundary

points −b̃ and c̃.
A global Galerkin-discretization is carried out by inserting Eqs.

�22�, �26�, �58�, and �59� into the equations of motion, Eqs. �36�
and �37�, projecting the resulting equations on the trigonometric
functions �1,sin�nkx̃� , cos�nkx̃�� with n� �1, . . . ,N�, and carrying
out the partial integrations and integrating over one wavelength,
�−� /2,� /2�. Here, since kz�kr holds and both stiffness effects
act in parallel, the term �krw̃r0 ,1� is set equal to zero. Two addi-
tional equations are obtained by inserting Eqs. �58� and �59� into
the contact boundary conditions, Eqs. �42� and �43�. All together
this yields

K�b̃, c̃;��x = F with dim K�b̃, c̃;�� = �4N + 3� � �4N + 1�
�61�

and

x = �A1, . . . ,AN,B1, . . . ,DN,w̃r0�T

F = 
2�

k
p0,− 4M̂k sin��

2
�, . . . ,− 4M̂k sin�N

�

2
�,0, . . . ,0�T

�62�

An iterative solution procedure is chosen in order to solve the set
of nonlinear algebraic equations, Eq. �61�. In an inner loop the
Fourier-coefficients and the contact boundaries for a given set of
model parameters are computed, and in an outer loop, motor
quantities, such as excitation frequency, are varied. In the inner
loop, the Fourier-coefficients x�i−1� in the iteration step i−1 follow

from a linear equation K̄�b̃�i−1� , c̃�i−1� ;��x�i−1�=F with

dim K̄�b̃�i−1� , c̃�i−1� ;��= �4N+1�� �4N+1� at given contact

boundaries b̃�i−1� and c̃�i−1�. By applying Newton’s method, for

example, the contact boundaries b̃�i−1� and c̃�i−1� can be computed
in the next iteration step. In the outer loop, a motor parameter is
changed incrementally. With this new parameter value, the inner
loop is then reactivated. The contact problem is first solved for an

elastic contact layer, since c̃= b̃ and Bn=0, Dn=0 with n
=1, . . . ,N holds due to symmetry reasons. Then the damping pa-

rameter dz is incrementally increased in the outer loop. Before
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tarting the computation, an estimate of the magnitude of the

ending moment excitation M̂ in Eq. �62� is required to obtain
ypical vibration amplitudes in the stator. Therefore, viscous-
amping is ignored, dz=0, a vibration amplitude of one micron is
hosen �A1=1 �m�, and all other Fourier-coefficients are set
qual to zero. As an initial guess, the contact boundary is taken to
e c̃=� /4. With these assumptions the bending moment excitation
ˆ can be determined from Eq. �61�.

3.4 Tangential Contact Distribution. The stator and rotor
isplacements, w̃s and w̃r, respectively, the coordinates of the con-

act boundaries, �−b̃ , c̃�, and thus the normal contact force distri-

ution F̃N are assumed to be known �Sec. 3.3�. The tangential

isplacement ũc and the tangential contact force distribution F̃T
ust be determined for each stick and slip-subzone. The bound-

ries of neighboring stick and slip subzones are matched by tran-
ition conditions for the tangential contact force and the tangential
isplacement.

The tangential contact problem is given by the equations for
he contact layer displacement functions ũc

sticki�x̃�, Eq. �48� and

c
slipi�x̃�, Eqs. �51�, �53�, and �54�, together with the kinematic
quation, Eq. �55�, and the boundary condition Eq. �41�. The rotor
peed vr is an input quantity. The output quantities are the dis-
lacement function ũc�x̃� and the motor output force Fmotor. Due
o the Galerkin-discretization, the tangential contact problem re-
uces to the solution of the �Nc−Nc

stick��2N+1� Fourier-

oefficients E1
slipi , . . . ,FN

slipi , K̃pi

slip, the Nc integration constants

i
stick and K̃i

slip, as well as the Nc−1 transition points p̃2 , . . . , p̃Nc−1.
The maximum tangential force distribution for either braking or

riving the rotor are stated first

braking limit force: F̃T
l+�x̃� ª ��F̃N�x̃�� ,

driving limit force: F̃T
l−�x̃� ª − ��F̃N�x̃�� �63�

hereas braking and driving are considered with respect to the
otor rigid body motion vr. So called indicator functions are de-
ned, indicating a transition from either sticking to slipping or
ice versa by a change of their sign. The indicator functions may
e written as follows.

For stick,

f̃�x̃� ª ��F̃N�x̃�� − �F̃T
sticki�x̃��

For slip,

ṽrel�x̃�

he sticking contact force F̃T
sticki is obtained by inserting the ma-

erial law Eq. �40� into Eq. �39�

F̃cT
sticki�x̃� = kxũc

sticki�x̃� + vddxũc
sticki�x̃�� �64�

here ũc
sticki is chosen from Eq. �48�. The integration constant

1
stick can be obtained from ũc

sticki�c̃�=0 at the beginning of a con-
act zone, according to Eq. �41�. A contact zone starts either with
stick or slip-subzone

f̃�c̃� � 0 ⇒ sticking ⇒ choose ũc
stick1�x̃�, K1

stick �65�

f̃�c̃� � 0 ⇒ slipping ⇒ calculate ũc
slip1�x̃�, K1

slip �66�

or the following subzones, a change in the sign of either the

orce indicator function f̃�x̃� or the relative velocity indicator
unction ṽrel�x̃� indicates a change of the tangential contact state.

Subzone i is stick-zone,

f̃�x̃� � 0 → f̃�x̃� � 0, ũslipi+1�p̃i+1� = ũsticki�p̃i+1� ⇒ Kslip

c c i+1
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Subzone i is slip-zone,

ṽrel�x̃� � 0 → ṽrel�x̃� � 0 ũc
sticki+1�p̃i+1� = ũc

slipi�p̃i+1� ⇒ Ki+1
stick

slip-zone ṽrel�x̃� � 0 → ṽrel�x̃� � 0

The tangential contact forces from the stick- and slip-contact
subzones, Eqs. �64� and �50�, are merged, thus, yielding the tan-
gential contact force distribution within the contact zone

F̃T�x̃� =�F̃T
sticki�x̃� if x̃ � Usticki

F̃T
slipi�x̃� if x̃ � Uslipi

� �67�

for i=1, . . . ,Nc. The motor output force is computed by inserting
Eq. �67� into Eq. �45� and carrying out the integration.

4 Results
If not stated otherwise in the figures, the model data are taken

from Table 1 in Appendix A. For the subsequent discussion, a
nondimensional contact parameter � and a nondimensional nor-

mal contact force F̄N are used, which are both defined in Appendix
B, Eqs. �B2� and �B4�.

First, the resonance behavior of traveling-wave type ultrasonic
motors is considered. In case the stator is not in contact with the
rotor, ��=0�, the resonance frequency of the operational eigen-
mode is at 42 kHz. If full contact between stator and rotor can be
guaranteed, ��=1�, by applying a sufficiently high axial preload,
for example, the resonance frequency shifts to 48 kHz. However,
full contact between stator and rotor is counterproductive as driv-
ing and braking tangential contact forces would occur simulta-
neously. In Fig. 5 a typical nonlinear frequency response behavior
of the stator vibration amplitude is shown. Starting at an excita-
tion frequency of 49 kHz and following the sweep down branch in
Fig. 5 toward lower excitation frequencies, the stator’s vibration
amplitude increases. Due to this, the contact fraction � decreases
according to Fig. 6. In addition, the overall normal contact stiff-
ness between stator and contact layer, kcontact=kzAcontact, de-
creases, where Acontact=��ŵ̃s��s is the contact area. A decreasing
overall contact stiffness makes the stator-rotor contact model more
compliant and shifts the resonance to lower values, i.e., toward the
limiting resonance frequency �=0 at 42 kHz. However, the rate of
reduction in the resonance frequency is slower than that of the
excitation frequency, so both meet at the frequency of approxi-
mately 42 kHz �Fig. 5�. Further decrease in the excitation circular
frequency causes a jump in the sweep down branch, resulting in a
break down of the vibration amplitude. A similar explanation can
be given for the sweep up branch. This special nonlinear reso-
nance behavior has also been observed experimentally by Maas et

Fig. 5 Nonlinear resonance curve with partial stator-rotor con-
tact „0<�„ŵs…<1…
al. �17�, for example.
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Modeling the rotor as rigid is valid for relatively thick rotors at
moderate” axial pressures p0. Indeed, to develop efficient motors
t is necessary to increase the maximum output torque per volume
nd to have an eye on “good” transient dynamics of these motors.
herefore, the designer is forced to reduce the rotor weight for

ast transient dynamics and to increase the axial pressure in order
o increase the motor output torque at constant motor volume.
onsequently, the motor design focuses partially on thin and light-
eight rotors. Experimental investigations �18� show that under

hese conditions, rotor flexibility must be taken into account in
ontact models. The influence of the rotor flexibility on the normal
ontact behavior and on the speed-force characteristics is illus-
rated in Fig. 7. It shows the extension of the contact length with
ecreasing rotor height hr.

This is accompanied by a smaller compression of the contact
ayer.

In Figs. 8 and 9, typical distributions of the tangential contact
orce and the corresponding speeds are illustrated for v̄r=−0.8,
.e., for rotor motion near the no-load speed of v̄r�−1, see Ap-
endix B. A stick-subzone U1

stick exists between the beginning of
he contact zone at x̃= c̃ and the transition to slip at p̃2. In this
ubzone, the velocity, v̄c, of the contact layer surface points coin-
ides with the velocity, v̄s, of the stator surface points, see Fig. 9.

raking forces �F̃T�0� exist only in a small region of the stick-

ubzone. In the second subzone, U2
slip, from p̃2 to x̃=−b̃, slip oc-

urs and it is a driving subzone, since the tangential contact forces
re negative.

ig. 6 Contact fraction � versus stator vibration amplitude ŵ̃s
or different viscous-damping coefficients dz /dz0 and dz0 from
able 1

ig. 7 Rotor deformation at various rotor heights; � contact

oundaries

31014-8 / Vol. 77, MAY 2010
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Figure 10 shows the qualitative change of the tangential contact
force distribution with respect to the tangential contact layer stiff-
ness, kx. The sticking curves become steeper with increasing tan-
gential stiffness and the sticking subzones shrink.

Almost pure slip occurs at kx /kx0=100. In the limiting case, for
kx /kx0⇒�, the contact layer displacement in tangential direction
results in ũc=0. Thus, the tangential velocity of the contact layer
simplifies to vrex �see Eq. �13��. From Eq. �16� it follows, that the
relative speed between contact layer and stator surface points can

Fig. 8 Typical tangential contact force distribution at v̄r=−0.8,
no-load speed: v̄rÉ−1. Thick line: F̄T.

Fig. 9 Typical velocities corresponding to Fig. 8

Fig. 10 Tangential contact force distribution for the variation

in the tangential contact layer stiffness kx; kx0 from Table 1
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nly be zero at singular points x̃� for which hs /2vww̃s��x̃
��=vr is

alid. Hence, except for singular points in the contact zone, only
lip exists between the stator and contact layer. Such a behavior is
btained when neglecting the tangential displacement of the con-
act layer. A drastic overestimation of the wear losses may result.
igure 11 illustrates the tangential contact force distribution along
particular speed-force characteristic. Near the no-load speed, the

riving �F̄T�0� and braking tangential contact forces �F̄T�0�
early cancel each other and complicated contact states occur con-
aining several stick-slip subzones.

Figure 12 shows the influence of the stator vibration amplitude
n the speed-force curves. The no-load speed increases propor-
ionally to the increase in the stator vibration amplitude. The stall-
orce �force at v̄r=0� stays unchanged. In Fig. 13 the influence of
he axial pressure p̄ on the speed-force characteristics is shown.
aturally, the stall-force increases linearly with increasing axial
ressure. However, the no-load speed decreases due to the in-
rease of the contact length. Additionally, the speed drop is less
istinct with increasing loading force.

As would be expected, a variation of the contact layer height
nfluences the normal contact layer stiffness, as well as the tan-
ential contact layer stiffness in Eq. �40�. Since the contact length
ncreases with increasing contact layer height, the no-load speed
ecreases, see Fig. 14. A more compliant rotor may lead to a more

istinct speed drop along with increasing motor force F̄motor. This
s illustrated in Fig. 15, where the corresponding speed-force char-
cteristics for different rotor heights are shown.

ig. 11 Tangential contact force distribution for a particular
peed-force characteristic

ig. 12 Speed-force characteristics for various stator vibra-
˜̂
ion amplitudes, ws

ournal of Applied Mechanics
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5 Conclusions
The contact problem between rotor and stator of ultrasonic

traveling-wave motors leads to a nonlinear resonance with distinct
jump phenomena. Near the resonance peak, the feedback of the
rotor dynamics on the stator vibration is negligible, resulting in an
almost harmonic stator vibration. Depending on the motor force

F̄motor and the rotor speed v̄r, a complicated contact state with
several stick and slip subzones within one contact zone may oc-
cur. Information about stick and slip subzones is useful in study-
ing the efficiency and the wear properties of contact layer mate-

Fig. 13 Speed-force characteristics for various axial pres-
sures p̄

Fig. 14 Speed-force characteristics for various contact layer
heights
Fig. 15 Speed-force characteristics for various rotor heights
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ials. The characteristic that the speed drops as the motor force
ncreases can be strongly influenced by changes in the stiffness of
he contact layer, as well as of the rotor. With relatively stiff
ontact layer material and rotor, the rotor speed is nearly constant
ver a wide range of motor forces. Desired speed-torque charac-
eristics may be obtained through proper design of the motor with-
ut additional control effort. Despite this, a good understanding of
he motor behavior would be useful when designing a controller
or USMs.

To summarize, it can be said that the mathematical model pre-
ented and analyzed in this paper can be used as a tool for opti-
izing the design of ultrasonic traveling-wave motors in steady-

tate operation.

ppendix A: Table of Reference Data
The reference data are shown in Table 1.

ppendix B: Nondimensional Model Quantities
For the presentation of the results it is useful to scale the con-

act model quantities. Therefore, three characteristic quantities are
ntroduced a characteristic axial preload, �Faxial�, a characteristic
ormal pressure, �p�, and a characteristic no-load speed, �vr�

�Faxial� ª Faxial, �p� ª
Faxial

nw�
, �vr� ª

hs�ref

2c̃�
w̃s�c̃�� �B1�

he model data are taken from Table 1. The nondimensional field
uantities of the contact forces are

F̄N�x̃� ª
F̃N�x̃�

�p�
, F̄T�x̃� ª

F̃T�x̃�
�p�

�B2�

nd the nondimensional motor parameters will be given as

F̄axial ª
Faxial

�Faxial�
, F̄motor ª

Fmotor

�Faxial�
, v̄x ª

vx

�vr�
, x � s,r,c

�B3�
dditionally, a nondimensional contact length is introduced ac-

able 1 Data of the reference model for the numerical analysis

ymbol Reference value Dimension

2.34�10−2 m

w 11
5.6�10−3 m

s 6.54�10−3 m

r 3.5�10−3 m

c 2�10−4 m

s 8.8�103 kg /m3

r 2.65�103 kg /m3

s
a 0.3�1.1�1011 N /m2

r 7�1010 N /m2

c 1�109 N /m2

c 0.3

axial 900 N

s , kr 5�107 N /m2

an 
c
b 0.1

s 0 s

ref 2��42,200 rad/s
0.1

Young’s modulus is multiplied by 0.3 to adjust the eigenfrequency of the stator
odel to that of a physical stator.

Used for both normal and tangential direction, see Ref. �14�, p. 292.
ording to
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� ª

c̃ + b̃

�
, � � �0,1� �B4�

The characteristic normal pressure, see Eq. �26�, describes the
contact pressure between stator and rotor for the stator at rest. The
characteristic no-load speed, �vr�, is defined as the speed of the
rotor at Fmotor=0 in Eq. �45� for a particular reference no-load
motor operation state. In this case, the driving and braking forces

of F̃T�x̃� in Eq. �67� must cancel each other. Equation �B1� is
obtained by assuming a pure stick condition, i.e., ṽrel=0, as well
as ignoring damping effects �dx=dz=0� and subsequently insert-
ing Eqs. �39�, �40�, and �48� into Eq. �45� and carrying out the
integration procedure. The integration constant Kstick in Eq. �48� is
determined by taking the boundary condition in Eq. �44� into ac-
count. The reference no-load motor operation state requires the
determination of the reference normal contact state. Therefore, the
variables c̃� and w̃s�c̃�� must be computed for a contact model
with rigid rotor w̃r��x̃�=0 and dx=dz=0. The bending moment ex-

citation M̂ is adjusted to give a stator vibration amplitude of ŵ̃s
�

=2 �m. The reference normal contact state then yields c̃�

=3.25 mm, w̃s�c�̃�=1.75 �m, and thus �vr�=0.47 m /s follows.
The motor output force at zero rotational speed is called the

stall-force. Assuming a pure slip tangential contact state at stall-
force, this force may be computed by the equation Fmotor

�

=�Faxial. Dividing this equation by �Faxial� and taking the friction

coefficient from Table 1 results in F̄motor
� =0.1. Now, a reference

no-load speed and a reference stall-torque are defined at F̄axial

=1: v̄r
�
ª1, F̄motor

�
ª0.1. In the case of a rotational USM with

diameter 90 mm, for example, these data yield no-load speed:
U�=100 rpm, stall-torque: T�=4 Nm.
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