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In this paper the contact mechanism between stator and rotor will be considered in detail,
which plays a key role in ultrasonic motors. A planar contact model for the stator-rotor
interaction in traveling-wave type ultrasonic motors is derived, including rotor flexibility

and differenciating between stick and slip regions in the contact zones. The model analy-
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1 Background

The mechanics of ultrasonic traveling-wave motors (USMs)
contains a number of problems, which have not been modeled yet
in detail. The contact problem between stator and rotor is probably
the most important one. Though several models have been pro-
posed in the past, the contact problem is usually oversimplified.
Experimental investigations show that rotor flexibility strongly in-
fluences torque-speed characteristics. Additionally, assuming a
pure slip law for the tangential contact overestimates the frictional
losses in the motor. A comprehensive survey of the state of the art
of stator-rotor contact in USMs is given by Wallaschek [1]. Zharii
and Ulitko [2], and Le Moal and Minotti [3] applied the half-space
method. The former paper assumes a rigid rotor, while the latter
assumes the stator as a rigid intender with a sinusoidal profile and
ignores the inertias of the rotor and the contact layer. Cao and
Wallaschek [4] modeled the rotor as a rigid body, and the stator
motion was prescribed. For the normal contact a visco-elastic ma-
terial law was chosen, whereas the contact layer was modeled as
rigid in tangential direction. Within one contact zone they found
up to three driving and braking contact subzones. Schmidt et al.
[5] chose a similar model as proposed in Ref. [4]. It was shown
that the feedback of the rotor on the stator motion is negligible in
the vicinity of resonance. In Ref. [6] a complete motor model
based on design parameters was proposed, where the rotor was
modeled as a rigid body with one rotational and one axial degree
of freedom. A pure slip law was assumed for the contact. Hage-
dorn et al. [7] extended this motor model by incorporating rotor
flexibility. It turns out that the measured torque-speed character-
istics cannot be matched when rotor flexibility is ignored, while
good results are obtained including the flexibility of the rotor in
the model.

The aforementioned models have led to a deeper and better
understanding of USMs. Measured torque-speed characteristics
are, for example, reproduced well by these simplified contact
models if only a few of the model parameters are adjusted accord-
ingly. A more detailed modeling is achieved by using a contact
model with compliance both in normal and tangential direction,
distinguishing between stick and slip-contact states and by incor-
porating rotor flexibility in the contact model. If, for example,
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sis shows that depending on the motor’s operating conditions, complicated contact be-
havior may occur with several stick-slip subzones in each contact zone. The typical
nonlinear resonance observed in ultrasonic motors can be explained with the present
analysis. Both the stiffness of the contact layer and of the rotor may drastically influence
the speed-torque characteristics. The results will contribute to a better understanding of
the contact mechanics in ultrasonic motors. [DOI: 10.1115/1.4000380]
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particular torque-speed characteristics are desired, such models
shall give guidelines how to choose the proper motor parameters.
Also, in order to improve the motor efficiency a detailed descrip-
tion of the contact behavior between stator and rotor would be
helpful, since measurements of the contact state between stator
and rotor are difficult to carry out.

A typical plate-type USM with the operational eigenmode of
the stator is shown in Fig. 1. A detailed description of the working
principle of this motor is found in Ref. [8] or Ref. [9], for ex-
ample. The stator is clamped at the inner radius and free at the
outer radius, 7;=10 mm and r,=30 mm. By electrical excitation
of a piezoceramic ring, which is bonded to the lower surface of
the stator, a bending-wave of the shape illustrated in Fig. 1 is
excited in the stator, traveling in the circumferential direction. The
traveling bending-wave is obtained by appropriate excitation of
two degenerated bending modes excited in resonance with a cir-
cular frequency () and a temporal phase shift of 90 deg. The
excitation frequency of USMs is above 20 kHz, and the vibration
amplitudes in the stator usually are in the micron range. The stator
behaves as a plate-type structure. Thus, the traveling bending-
wave causes points on the stator surface to run through elliptic
trajectories. With the rotor pressed against the stator, frictional
forces in the contact zones produce the torque that drives the rotor.
It is the objective of this paper to investigate the steady-state
motor operation of ultrasonic traveling-wave motors under simpli-
fying assumptions but including a contact model with a visco-
elastic contact layer both for normal and tangential contact, stick
and slip tangential contact, and rotor flexibility.

2 Modeling

The contact between stator and rotor takes place in a small strip
relr,—s,r,] of width s<<r,, in the vicinity of the outer radius r,.
Here s is the width of the contact layer depicted in Fig. 1. To
simplify basic understanding and computation, the radial displace-
ments and contact forces are ignored, and the lateral and tangen-
tial displacements and contact forces are assumed to be constant
for r e [r,~s,r,]. Hence, stator and rotor may be described by a
planar model, as for example by straight Bernoulli-Euler beams
with periodic boundary conditions, see Fig. 2. But note that for an
overall motor optimization, it is important to take the radial con-
tact pressure distribution into account, especially with respect to
wear effects.

The proposed planar contact model, as shown in Fig. 2, is based
on the kinematics of USMs comparable to Shinsei USR motors.
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Fig. 1 Shinsei USR60 ultrasonic traveling-wave motor

Such motors have n,, wave-trains along the circumference. Thus,
at steady-state motor operation, n,, contact zones at the outer
radius occur in the circumferential direction. Since the system is
periodic (period M), it is sufficient to model only one contact zone.
Both stator and rotor rest on elastic foundations with stiffnesses k;
and k,, respectively, and are modeled using the Bernoulli-Euler
beam theory. The stator and rotor have bending stiffnesses E
and E,/,, respectively. The cross sections are A; and A,, the beam
heights are i, and h,, and the mass densities are denoted as p; and
p,. The contact layer is described by the parameters E., J., G,
and 7., which represent Young’s modulus, the viscous-damping
coefficient, the shear modulus, and the viscous shear damping
coefficient, respectively. The effect of the electrical excitation of
the piezoceramic sections on the deformation of the stator sub-
strate can be substituted by localized external bending moments

M. The axial pressure p forces the rotor and stator together. The
contact layer in Fig. 4 is modeled as a point-visco-elastic founda-
tion in normal and tangential directions.

2.1 Kinematics. In the planar contact model, shown in Figs. 2
and 3, three reference frames are taken: a laboratory fixed,
(0,x,7), a rotor fixed, (0,%,7), and a traveling-wave fixed refer-

ence frame (0,%,7), as chosen also by Cao and Wallaschek [4].

Vr t

Z ' contact

stator

Vi

Fig. 3 Deformed configuration and reference frames
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The origins O and O are located on the neutral axis of the stator
and the rotor, respectively, in the reference configuration, i.e., the
configuration without external loads. Taking x as the axial coordi-
nate of the straight beam model (corresponding to x=r,¢) with
the outer circumferential length L=2mr,, the displacements of
stator, rotor, and contact layer, u,, u,, and u., respectively, are
given by

w,(x,z,0) = — 2w (x,0)e, + wy(x, e, (1)
u(x,7,1) = —Zw.(xX,1)e, + wx, e, )
u.(%,z,0) =ux,z,0) + [u(x,0)e, + w.(x,1)e_] (3)

where the prime denotes the derivative with respect to the coor-
dinates x and X, respectively. The excitation and superposition of
two orthogonal bending modes in the stator with a temporal phase
shift of 90 deg results in

w,(x,1) =W cos kx cos Qr = w sin kx sin Qr=Ww cos(kx — Q1),

2 L
k=—, A=— 4
N , 4)

w

with k being the wave number, 7, being the number of nodal
diameters, and \ being the wavelength. Substituting Eq. (4) into
Eq. (1) results in elliptic trajectories of stator surface points. Ac-
cording to Eq. (4) the traveling-wave speed of the bending-wave

in the stator and the wave fixed reference frame (6,)? ,Z) is given
by
Q

: 5)

v, =

The reference frame (0,Xx,7) is defined to move with positive
rotor speed, v,, in the positive e -direction. Note that the rotor
speed, v,, has an opposite sign to the traveling-wave speed, v,,,
due to the special kinematics of the bending deformation in
Bernoulli-Euler beam models. The coordinate transformations be-
tween the coordinates of the different reference frames are

_ hy h,
X=x-uv,, z—z—z—hc—z (6)
T=x-v,t, Z=z (7
X=X+uv,t _+h5+h +h’ ith @
= s = - ct 0w =U,—Uy=0,— "
¥=X+vg, I=T+7 > V=0,V =0,
®)

The displacements of stator, rotor and contact layer will be
expressed in coordinates of the traveling-wave fixed reference
frame. In this reference frame the harmonic traveling-wave degen-
erates into a standing wave. For the stator displacement one gets

Ws(f’t) = Ws(-f_ th’t) (9)

The time derivative, (-), with respect to the laboratory fixed ref-
erence frame (O,x,z) results in

W, (%,1) = W,(%,1) — 0, W, (%, 1) (10)
where (?) represents the time derivative with respect to the
traveling-wave fixed reference frame. In the vicinity of the mo-

tor’s resonance and in the steady-state motor operation (-O )=0 is
assumed. For the time derivatives of the rotor and contact layer
displacements similar relations as Eq. (10) hold. Note that for the
motor operating near resonance peak, higher order harmonics of
the excitation frequency are neglected.

The displacement functions of all surface points of stator and
contact layer are therefore defined as
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Fig. 4 Contact layer model

ho\ . o o,
i,(x,1) == us(x,?‘,t>, u.(x,1) = u.(x,h,t) with h=- 3 h

c

(11)
where it should be clear that throughout the modeling a hat sym-

bol (~A) indicates a field variable on a surface. After carrying out a
coordinate transformation according to Eqgs. (7) and (8), the dis-

placement of stator and contact layer surface points @,(¥,7) and

W,(%,7) are obtained. The velocities of surface points under
steady-state conditions are derived according to Eq. (10)

5 A h
50 = 6,0 = -0, @e.+ Jo, T @De, (1)

F.(D) 1= 0.(0) = [0, + v (D) + v T (D)]e, + v, [(F) + (D) e
(13)
A geometrical contact formulation with a nonpenetration condi-
tion is chosen for considering normal contact, see Ref. [10]. This
implies only a small penetration of the midlines of the rough
surfaces. Such an assumption is justified by the facts that, on one
hand, the contacting surfaces are surface finished to reduce the
average surface roughness to values smaller than the vibration
amplitudes in the stator. On the other hand, the contact pressure
between stator and rotor is usually in the range of only several
N/mm?, which can be regarded as a low-level contact pressure,
see, e.g., Refs. [11-13].
When using geometric linear kinematics, the coordinates of two
contacting surface points (¥p,Xp) of stator and contact layer,

nearly coincide, ¥p=~Xp=X. Therefore, the relations i, (De,
=ﬁc()?)ez, ifis()?)ezzifﬁ(,()?)ez hold for the normal contact in the
e,-direction, yielding

(14)

W, — W, — W, =0

(15)
The relative velocity for the tangential contact can be defined as
Vret(%) = [Vy(D) = V(D] -e,, leading to

v W+ 0g(W + W) =0

ﬁrel = _vaw;’ - (Ur + Udl,_lwrr, + vdﬁc,) (16)

2

A visco-elastic contact layer exhibits a spatial phase shift between
the wave-crest and Z-axis. Therefore, the contact boundaries
(B,C) in Fig. 4 have different coordinates. The bending-wave is

assumed to travel in the positive X-direction according to Eq. (4),
and thus surface points of stator and contact layer to the right of
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X=c approach each other. Conversely, points to the left of T=—b
separate from each other. The contact length is b+&. Therefore,
locations ¥=¢ and ¥=—b represent the beginning (point C) and

end (point B) of the contact zone, respectively. The periodic
boundary conditions are formulated at X=—\/2 and X=\/2.

2.2 Dynamics

2.2.1 Hamilton’s Principle. The equations of motion of the
contact model are derived from Hamilton’s principle

5]
f (L+ 6W)dt=0 with L:=T-U (17)
h

The Lagrange function, L, consists of the kinetic and potential
energy of stator, rotor, and contact layer

L=(T,+T.+T,)—(U,+U,) (18)

Since for the contact layer height h.<<h; and h.<<h, holds, one
can assume in a first approximation that the kinetic energy term of
the contact layer is much smaller than the contributions of the
other kinetic energy terms. Thus, we set 7,.=0. No potential en-
ergy term for the contact layer is defined since we will use a
visco-elastic foundation model for this layer, using the virtual
work of its inner forces and not the internal energy.

The virtual work, W, is broken up into several terms represent-
ing contributions due to forces acting on the stator, 6W,, the rotor,
6W,, and the contact layer, W,

W= (oW, + oW, + oW, )+ 5W,p +(OW, +oW.) (19)

The various energy and work expressions are given below.

2.3 Stator Energy and Work Terms. The terms of kinetic
and potential energy of a Bernoulli-Euler beam are

nw)‘ nw}‘

1 2 1 n2 1 2

TY = Ef p.\A.YWS dx’ U.Y = 5 [ESIJ'WS + Ek\wd]dx
0 0

(20)

The stator rests on an elastic foundation with stiffness k;. Note
that the integration is carried out over the length L=n\ of the
beam model. The virtual work due to the bending moment exci-
tation may be written as

ny,\
W, =f = M(x,1) Swidx (21)
0

The bending moment excitation, M(x, ), is chosen to act symmet-
ric with respect to the z-axis of the traveling-wave fixed reference
frame (see Figs. 3 and 4). Thus, the Z-axis intersects with the
wave-crest of the traveling bending-wave for an elastic contact
layer. The bending moment distribution shall travel with the wave
speed v,, from the left to the right. In coordinates of the traveling-
wave fixed reference frame this leads to

M = ME ((- 1)-i2[h<)7+ @)
j=0

2]

where h is the step function. The practical realization of such a
traveling bending-wave is not important for what follows. The
contact force F. with the normal and tangential contact force com-
ponents acting on the stator produce the virtual work

(22)

A
oW, = f F.Sudx with F.(x.1) = — Fy(x,0)e, - Fy(x,0)e,
0
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[Fy]=[Fr]=[N/m] (23)

Inner damping mechanisms within the stator substrate and the
piezoceramic material are described by a visco-elastic damping
law

n,\
oW, = f nE W Swidx (24)
0

with loss factor #;.

2.4 Rotor Energy Terms. As it was done for the stator, the
terms of the rotor kinetic and potential energy may be formulated
as

n\ n,\
Tr = %f prAr[Uf + Wf]df, Ur = %f [E,I,(W’r’)z + ker]df
0 0

(25)

where k, is the stiffness of the rotor’s elastic foundation. The
difference here is that the spatial integration is carried out with

respect to the coordinates of the reference frame (0,x,7), fixed to
the rotor rigid body motion in the e -direction. The axial pressure,
pressing the rotor against the stator, yields the virtual work term

Faxial

n,\
oW, = - f p(Dw,d%, p(@) = (26)

0 w

2.4.1 Contact Layer Work. In USMs a special contact material
between stator and rotor is often used to improve such features as
the maximum torque or wear properties, for example. Polymer
materials are mostly used for this purpose. In Ref. [14], p. 288,
several of these contact layer materials are described. More de-
tailed investigations concerning contact layer materials have been
conducted by Rehbein and Wallaschek [15]. For the polymer ma-
terials at harmonic loading cycles, a simplified form of a Kelvin—
Voigt material model is used. In the point-visco-elastic foundation
model depicted in Fig. 4 neighboring particles are decoupled, i.e.,
they have no influence to each other. Indeed, from a modeling
point of view and applying linear theory of visco-elasticity, it
turns out that the coupling between neighboring particles is neg-
ligible for thin contact layers. For the normal and tangential
stresses in the contact layer

o(x.0) =EJe(x.n) + deX],  TX1)=GIYE D)+ 9 ¥ 1)]

(27)

are obtained. The viscous-damping coefficients are related to the
loss tangents by

9. Qs =tan 8y, (28)

where () is the circular frequency at which a loss tangent is
measured.

The strain € in the z-direction and the shear strain 7y in the X
—Z direction are approximated by

anref =tan 507]

o u.(x,1)
)=t — e
sx.1) h, h,

Multiplication of Eq. (27) with the width s of the contact model
results in

G (29)

FoNE 1) = kv (%) + dw (%,0), F.p(%,0) = kit (%,1) + d,it (%, 1)
(30)
with
sE, sG, sE. 0. sG.m,
. , ke=—F d=—"F d=—%
) h h h

In case of isotropic material behavior

(31)

c c c c

031014-4 / Vol. 77, MAY 2010

E,
Ge= 30y ) (32)

holds. The virtual work of the inner forces leads to

n,N
oW, = J [F O, + F.p80,)dx (33)

0

As it was done for the contact forces acting at the stator for the
contact layer, the following expression is obtained:

n,\
W, = f —F,8u.dx (34)

0

The effect of the tangential contact force, Fr, on the deformation
of the rotor is assumed to be negligible, since h,<h, is chosen.

Thus, the term zw, (¥,1) in Eq. (3) is ignored when inserted in Eq.
(34) resulting in

Ny
W, ~ f [FxoW, + Fr8i, + Fyow,dx (35)
0

For the contact forces between stator and contact layer, the
relation Fc(xp,t)z—IT‘C(fQ(t),t) must hold, where (xp,Xp) is the

coordinates of contacting surface points of stator and rotor, re-
spectively, at time .

2.4.2 Equations of Motion in Wave Fixed Coordinates. The
equations of motion are now derived in a straightforward proce-
dure by carrying out the variations and the partial integrations in
Hamilton’s principle. Then, a transformation into coordinates of
the traveling-wave fixed reference frame is carried out by using
Egs. (7) and (8) and considering Eq. (10). We can then state the
stator and rotor equations of motion

- - h, ~
2 ~n ~I11" ~mm ~ ” S
pAU, WL+ EIW, — nEJv, W, +kw,=M —FN+—2 Fy

(36)

2
v v ~
p,A,.vZW(l -2+ (—) )w’; + E LW + k= Fy—p (37)

2.4.3 Contact Formulation and Contact Laws. Normal and
tangential contact forces occur in the contact zone. For normal
contact we assume

contact

A - (38)
>y \[-b,C] : no-contact

whereas for tangential contact the friction law
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F.r if ¥el[-b,c]ATy= stick
FT = Sign(ﬂrel)MFcN if Xe [_ ~7E] A Urel #0 Shp (39)
- AN ~
0 if ¥e [— E,E] \[-5b,¢] : no-contact

is used. The forces F,y and F.; in Egs. (38) and (39) are the
material laws, Eq. (30), expressed in coordinates of the traveling-
wave fixed reference frame at steady-state

Fon(®) = k0,(8) + v,d#,(8),  Foqgl®) = ki, (%) + v i1, ()
(40)

We have not distinguished between slipping coefficient gy, and
sticking coefficient ugi. . Wallaschek [1] pointed out that for most
of the contacting material pairs in USMs both coefficients are
nearly the same.

At the beginning of the contact zone (¥=¢), the contact layer
displacement shall satisfy

i(c)=0, w(e)=0 (41)
In Eq. (41), it is implicitly assumed that the viscous-damping
terms d, and d, of the contact layer material are sufficiently small,
so that the contact layer can expand fast enough to its undeformed
configuration before the next wave-crest arrives (see Fig. 4). In
case the expansion of the contact layer into its undeformed con-
figuration is not fast enough, two additional unknowns, i.(¢) and
w,.(C), are introduced, which require additional iterations in the
solution procedure.
The first boundary condition is obtained at the beginning of the
contact zone (point C). Taking Eq. (14) at this boundary and con-
sidering Eq. (41) yield the following geometrical condition

wy(€) = w(e)=0

which states that contact occurs at point C. At the end of the

(42)

contact zone (point 5), the normal contact force must vanish due
to the beginning of separation. Thus, using Eq. (38) together with
Eqgs. (40), (14), and (15), gives

Fy(=B) = k[i5,(= B) = (= 5)] + vad.| - %w; (= b) - /(- b)
d

=0 (43)
The third condition corresponds to the tangential contact layer
displacement at the beginning of the contact zone, see Eq. (41)

7.@)=0 (44)

2.4.4  Motor Output Force (Torque). At steady-state motor op-
eration, the balance Fj,q=Fmowr holds. The motor output force
Flowr at steady-state motor operation, shown in Fig. 2, is com-

puted from the tangential contact force F(%) with

c
Fmotor=nwf NfT(f)df
b

(45)

3 Contact Problem Analysis

In Sec. 2 the equations of motion for the steady-state contact
problem of traveling-wave type ultrasonic motors have been de-
rived. The contact problem is given by the contact kinematic
equations (14)—(16), the equations of motion of the stator and the
rotor in Egs. (36) and (37), the contact laws for normal and tan-
gential contact in Egs. (38)—(40), as well as the contact boundary

Journal of Applied Mechanics

conditions in Egs. (42)—(44). The given quantities are the axial

preload j in Eq. (26), the bending moment excitation M(%) in Eq.
(22), the traveling-wave speed v,, or the circular excitation fre-
quency (), given in Eq. (5), as well as the rotor speed v,. The
displacement functions for stator, rotor and contact layer, w(X),

w,(X), w.(X), and i7.(X), the contact boundary coordinates band G,
as well as the motor output force F o are the unknown quanti-
ties.

The solution procedure is divided into four steps. First, in Sec.
3.1, the contact layer displacements are analytically solved and
expressed by the stator and rotor displacements. Then, in Sec. 3.2,
a Fourier-series expansion of the stator and rotor displacement
functions are introduced, and an assumption is stated, which al-
lows one to divide the contact problem into two solution steps: the
solution of the normal contact problem and the tangential contact
problem. In Sec. 3.3 the normal contact problem is solved inde-
pendently from the tangential contact problem by first carrying
out a Galerkin-discretization and then solving numerically the
nonlinear algebraic equations. Owing to the normal contact force
distribution taken from the results in Sec. 3.3, only the tangential
contact force distribution needs to be calculated. This is done in
Sec. 3.4.

3.1 Contact Layer Displacements. The contact layer dis-
placements w.(X) and #.(X) and their derivatives can be expressed
by the lateral displacements of stator and rotor within a contact

zone [-b,c], see Fig. 4. Outside the contact zone, the contact
layer displacements are not relevant. By rearranging the normal
contact kinematic equations (14) and (15)

Wc = Ws - 1'Vr (46)
== - ) (47)
Va

follow.

For calculating the tangential displacement function (%), it
must be distinguished between a stick or slip-contact state, ac-
cording to Eq. (39). In a stick-subzone, 1" C[~b,], the tangen-
tial displacement of the contact layer results from the condition
U,1=0. Solving Eq. (16) for i, gives

A - hs i
ﬁscucki(';c') —_ <&f+ hﬁ;) + ZSUWW,\,'()?) + K?tlck (48)
d

[2F] v

with the integration constant K‘?ﬁCk. The tangential force for stick-
ing according to Eq. (40) yields

F(R) = kot (%) + vgd 1) (49)

In a slip-subzone, Z/{ls.lipc[—l; ,C], the tangential contact force fol-
lows from Eq. (39) by inserting Egs. (38) and (40) and substitut-
ing w, with Egs. (46) and (47)

FyP = sign(@,) ulk.(%, - 7,) - d.(0,, +v7)]  (50)

Since F, CT:I?ST“”" holds, the material law in Eq. (40) and the fric-
tional contact force in Eq. (50) can be inserted, resulting in
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Uddxﬁihpi(f), + kxﬁf‘ﬁpi(f) = Sign(ﬁrel)/‘b[kz(ws - Wr) - dz(vw‘:{;;
(51)

which is a linear inhomogeneous differential equation for the tan-
gential contact layer displacement ﬁihpi(fc). The solution is com-
posed of the solution of the homogeneous equation and a particu-

lar solution of the inhomogeneous equation

+ wa’,)]

~slip; _ ~slip; , ~slip;
ue ' =uey '+ Mcp ! (52)

The solution of the homogeneous equation may be written as

ﬁ?ip[(f) - [F(v'ls.lipe_(kx/vddx)g (53)
and the particular solution
7, (%) = sign(0,) Uy, (®) (54)

follows under the assumption that w, and w, are already known
functions from an preceding iteration step. Note that v, in Eq.
(51) depends on the tangential contact layer displacement i’ P(%),
see Eq. (16). If ﬁj“p" is known, Eq. (52) can be inserted into Eq.
(16), yielding

~/

h\' 7~ slip; ' . ~ rrslip:
grel = ZUWW.\‘/ - (Ur + Udhw/r, + vd[ﬁzl p,()—{) + Slgn(vrel) U:]pp‘(f)’])

(55)
The unknown relative velocity occurs on both sides of this equa-
tion. However, the resulting value can be found relatively easy by,
for example, assuming sign(,.))=1 in Eq. (55) and computing the
resulting 0,;. After computation, the sign of sign(v,,) must be
checked if it agrees with the assumption. If not, then sign(d,)
=—1 is valid. The result of sign(d,) is then put into Eq. (50).
Depending on the motor’s operating conditions, the contact
zone [-b,¢] can be composed of N, alternating stick and slip
subzones, beginning and ending either with a stick-subzone or a
slip-subzone

[— E,E] = mlip U Z/[SZIiCk U Z/{;lip J-- U Z/{}ﬂ\lli.[)/stick or

[-b.c)=U U P UL U - U L{IS\l/i?/stick

The boundaries of stick and slip-contact subzones are called tran-
sition points and are denoted by p;, i=1,...,N.+1. It is p;=c

(56)

and ﬁNP=—E. It is

[- 55] = [5NL,+|’I7N[] U - Up.pil (57)

The integration constants K?ﬁCk and I??lip in Egs. (48) and (53)
must be determined by matching the displacement boundary con-
ditions between stick and slip-contact subzones.

3.2 Fourier-Series Expansion and Contact Problem
Formulation. To solve the contact problem, stator and rotor dis-
placements are expressed by Fourier-series expansions

N
(5 = 2, [A, cos(nkx) + B, sin(nk)]

n=1

(58)

N
WwA(X) =W,y + E [C, cos(nkx) + D,, sin(nkx)]

n=1

(59)

Rigid body deflections, wg, of the stator in the Zz-direction are
ignored in Eq. (58). In Sec. 3.1 the contact layer displacements
w.(X) and i.(X) have been analytically expressed by the stator and
rotor displacements. Thus, no separate Fourier-series expansion of
these displacement functions is necessary. Only for the particular
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solution (legpi()?) in Eq. (54) a Fourier-series expansion is neces-
sary
N
17221"‘(,%') = 2 [Efl“pi cos(nkx) + Ffl“pi sin(nkx)] + IZ;ISP

n=1

(60)

The unknown parameters are the 4N+1 Fourier-coefficients
A,...,.Dy,W,, the (N~NU"¥(2N+1) Fourier-coefficients
Ei“pf ... ,F‘;}ip" ,I?;l_ip, the N, integration constants I?f.mk and I?‘;“p,

as well as the two boundary points —b, &, and the N.—1 transition
points py,...,py 1. Provided that the coefficient of friction is
appreciably less than unity, see Ref. [16], pp. 203—204, the influ-
ence of the tangential contact forces on the normal contact forces
and on the contact area is small. This allows one to divide the
contact problem into the solution of the normal contact problem
and the tangential contact problem.

3.3 Normal Contact Problem. The normal contact problem
is given by the kinematic equations Egs. (46) and (47), the equa-
tions of motion of the stator and the rotor, Egs. (36) and (37), with
fT=0, v,=0, and F =0 together with the contact boundary
conditions, Egs. (42) and (43). The given quantities are the axial
preload j, Eq. (26), the bending moment excitation M(%), Eq.,
(22), as well as the traveling-wave speed v,, or the circular exci-
tation frequency () given in Eq. (5). The unknown parameters are
the 4N+1 Fourier-coefficients Ay, ...,Dy, W, of the stator and
rotor displacement, Eqs. (58) and (59), and the two boundary
points —b and .

A global Galerkin-discretization is carried out by inserting Eqs.
(22), (26), (58), and (59) into the equations of motion, Egs. (36)
and (37), projecting the resulting equations on the trigonometric
functions {1,sin(nkX),cos(nkx)} with n e {1,...,N}, and carrying
out the partial integrations and integrating over one wavelength,
[-N/2,N\/2]. Here, since k,>k, holds and both stiffness effects
act in parallel, the term (k,w,g, 1) is set equal to zero. Two addi-
tional equations are obtained by inserting Egs. (58) and (59) into
the contact boundary conditions, Egs. (42) and (43). All together
this yields

Kb,o;)x=F with dimK(5,5;Q)=(4N+3) X (4N+1)

(61)
and
x=[A,....A.By, ....Dy,W,0]"
21 ~oo T N ™ T
F=|—py,—4Mk sin| — |, ...,—4Mk sin| N~ ],0, ...,0
k 2 2
(62)

An iterative solution procedure is chosen in order to solve the set
of nonlinear algebraic equations, Eq. (61). In an inner loop the
Fourier-coefficients and the contact boundaries for a given set of
model parameters are computed, and in an outer loop, motor
quantities, such as excitation frequency, are varied. In the inner
loop, the Fourier-coefficients x~1 in the iteration step i—1 follow

equation K50V -1 0)x(-V=F  with
dim K(b=D, &0 0)=(AN+1) X (4N+1)  at
boundaries 51 and V. By applying Newton’s method, for

from a linear

given contact

example, the contact boundaries 51 and 1 can be computed
in the next iteration step. In the outer loop, a motor parameter is
changed incrementally. With this new parameter value, the inner
loop is then reactivated. The contact problem is first solved for an

elastic contact layer, since ¢=b and B,=0, D,=0 with n
=1,...,N holds due to symmetry reasons. Then the damping pa-
rameter d, is incrementally increased in the outer loop. Before
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starting the computation, an estimate of the magnitude of the

bending moment excitation M in Eq. (62) is required to obtain
typical vibration amplitudes in the stator. Therefore, viscous-
damping is ignored, d,=0, a vibration amplitude of one micron is
chosen (A;=1 wum), and all other Fourier-coefficients are set
equal to zero. As an initial guess, the contact boundary is taken to
be ¢=N\/4. With these assumptions the bending moment excitation

M can be determined from Eq. (61).

3.4 Tangential Contact Distribution. The stator and rotor
displacements, w; and w,, respectively, the coordinates of the con-

tact boundaries, (—1; ,0), and thus the normal contact force distri-
bution Fy are assumed to be known (Sec. 3.3). The tangential

displacement i, and the tangential contact force distribution F T
must be determined for each stick and slip-subzone. The bound-
aries of neighboring stick and slip subzones are matched by tran-
sition conditions for the tangential contact force and the tangential
displacement.

The tangential contact problem is given by the equations for
the contact layer displacement functions ﬁi"d"'(fc), Eq. (48) and
ﬁiﬁpi(f), Egs. (51), (53), and (54), together with the kinematic
equation, Eq. (55), and the boundary condition Eq. (41). The rotor
speed v, is an input quantity. The output quantities are the dis-
placement function iz.(X) and the motor output force Fp g, Due
to the Galerkin-discretization, the tangential contact problem re-
duces to the solution of the (NC—Nf_UCk)(ZN +1) Fourier-

coefficients E?hpi,...,F;}'P",K;l_‘p, the N, integration constants
1

K"* and K$™, as well as the N,— 1 transition points j, ... , PN -1-
The maximum tangential force distribution for either braking or
driving the rotor are stated first

braking limit force: Fi(%) := u|Fy(%)

>

(63)

whereas braking and driving are considered with respect to the
rotor rigid body motion v,. So called indicator functions are de-
fined, indicating a transition from either sticking to slipping or
vice versa by a change of their sign. The indicator functions may
be written as follows.

For stick,

driving limit force: F (%) == — u|Fy(X)|

F@) = plFy@)| - [F@)|
For slip,

17re1 (f)

The sticking contact force F ?iCkf is obtained by inserting the ma-
terial law Eq. (40) into Eq. (39)

FIN(R) = ke, i1 N(R) + 04 12 K(7) (64)

where ﬁi‘id"' is chosen from Eq. (48). The integration constant
K3"* can be obtained from i#*()=0 at the beginning of a con-
tact zone, according to Eq. (41). A contact zone starts either with

a stick or slip-subzone

f(@ > 0 = sticking = choose -"*1(%),

s KiliCk ( 65 )

f(@ < 0= slipping = calculate @*P'(%), K™  (66)
For the following subzones, a change in the sign of either the

force indicator function f()?) or the relative velocity indicator
function 7,(¥) indicates a change of the tangential contact state.
Subzone i is stick-zone,

f®>0—F®) <0, @"(5,) =G, = KLP
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Fig. 5 Nonlinear resonance curve with partial stator-rotor con-
tact (0<a(Wy)<1)

Subzone i is slip-zone,

Uret(¥) > 0 — 07et(¥) < 0 'Zimkm(ﬁm) = 'Zilipi(ﬁm) = K,ﬁk

slip-zone 7,(¥) <0 — 7,¢(X) >0

The tangential contact forces from the stick- and slip-contact
subzones, Eqgs. (64) and (50), are merged, thus, yielding the tan-
gential contact force distribution within the contact zone

_ ﬁsticki(f) if e Z,{“iCki
F=y . " (67)
FPi(%) if X el

for i=1,...,N.. The motor output force is computed by inserting
Eq. (67) into Eq. (45) and carrying out the integration.

4 Results

If not stated otherwise in the figures, the model data are taken
from Table 1 in Appendix A. For the subsequent discussion, a
nondimensional contact parameter « and a nondimensional nor-

mal contact force F are used, which are both defined in Appendix
B, Egs. (B2) and (B4).

First, the resonance behavior of traveling-wave type ultrasonic
motors is considered. In case the stator is not in contact with the
rotor, (a=0), the resonance frequency of the operational eigen-
mode is at 42 kHz. If full contact between stator and rotor can be
guaranteed, (a=1), by applying a sufficiently high axial preload,
for example, the resonance frequency shifts to 48 kHz. However,
full contact between stator and rotor is counterproductive as driv-
ing and braking tangential contact forces would occur simulta-
neously. In Fig. 5 a typical nonlinear frequency response behavior
of the stator vibration amplitude is shown. Starting at an excita-
tion frequency of 49 kHz and following the sweep down branch in
Fig. 5 toward lower excitation frequencies, the stator’s vibration
amplitude increases. Due to this, the contact fraction « decreases
according to Fig. 6. In addition, the overall normal contact stiff-
ness between stator and contact layer, kconact=k.Acontacr de-

creases, where Amnm=a(@s)xs is the contact area. A decreasing
overall contact stiffness makes the stator-rotor contact model more
compliant and shifts the resonance to lower values, i.e., toward the
limiting resonance frequency a=0 at 42 kHz. However, the rate of
reduction in the resonance frequency is slower than that of the
excitation frequency, so both meet at the frequency of approxi-
mately 42 kHz (Fig. 5). Further decrease in the excitation circular
frequency causes a jump in the sweep down branch, resulting in a
break down of the vibration amplitude. A similar explanation can
be given for the sweep up branch. This special nonlinear reso-
nance behavior has also been observed experimentally by Maas et
al. [17], for example.
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Fig. 6 Contact fraction a versus stator vibration amplitude v?rs
for different viscous-damping coefficients d,/d,, and d,, from
Table 1

Modeling the rotor as rigid is valid for relatively thick rotors at
“moderate” axial pressures p,. Indeed, to develop efficient motors
it is necessary to increase the maximum output torque per volume
and to have an eye on “good” transient dynamics of these motors.
Therefore, the designer is forced to reduce the rotor weight for
fast transient dynamics and to increase the axial pressure in order
to increase the motor output torque at constant motor volume.
Consequently, the motor design focuses partially on thin and light-
weight rotors. Experimental investigations [18] show that under
these conditions, rotor flexibility must be taken into account in
contact models. The influence of the rotor flexibility on the normal
contact behavior and on the speed-force characteristics is illus-
trated in Fig. 7. It shows the extension of the contact length with
decreasing rotor height #4,.

This is accompanied by a smaller compression of the contact
layer.

In Figs. 8 and 9, typical distributions of the tangential contact
force and the corresponding speeds are illustrated for v,=-0.8,
i.e., for rotor motion near the no-load speed of v,~-1, see Ap-
pendix B. A stick-subzone U"* exists between the beginning of
the contact zone at X=¢ and the transition to slip at p,. In this
subzone, the velocity, 0., of the contact layer surface points coin-
cides with the velocity, Uy, of the stator surface points, see Fig. 9.

Braking forces (F 7>>0) exist only in a small region of the stick-

subzone. In the second subzone, U3, from j, to X=—b, slip oc-
curs and it is a driving subzone, since the tangential contact forces
are negative.

2
. /\ h, = 10 mm
Wy | =
< wr\

Wy 5

[m]°

-1 W, 3.7
>A 3.5,
Wg
210 |
—“10 ‘ ~ ‘ ‘ 1‘0

# [im)

Fig. 7 Rotor deformation at various rotor heights; O contact
boundaries
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Fig. 8 Typical tangential contact force distribution at v,=-0.8,
no-load speed: v,~-1. Thick line: Fr

Figure 10 shows the qualitative change of the tangential contact
force distribution with respect to the tangential contact layer stiff-
ness, k,. The sticking curves become steeper with increasing tan-
gential stiffness and the sticking subzones shrink.

Almost pure slip occurs at k,/k,o=100. In the limiting case, for
k/k, =0°, the contact layer displacement in tangential direction
results in it,=0. Thus, the tangential velocity of the contact layer
simplifies to v,e, (see Eq. (13)). From Eq. (16) it follows, that the
relative speed between contact layer and stator surface points can

B C
ol
v Brel
T —\\,\'Bc =
TS (%3
-1 T N v i
\s\;w 777*7”_])‘2/
0 ‘ 2 . - ‘ ‘ 6
T+0b [mm‘}

Fig. 9 Typical velocities corresponding to Fig. 8

f =422 kHz
ks /kzo = 100 di=d. = 0Xe
AT TR 5 §4 z m-s

sy

Fig. 10 Tangential contact force distribution for the variation
in the tangential contact layer stiffness k,; k,, from Table 1
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Fig. 11 Tangential contact force distribution for a particular
speed-force characteristic

only be zero at singular points ¥* for which hy/2v, W} (¥*)=v, is

valid. Hence, except for singular points in the contact zone, only
slip exists between the stator and contact layer. Such a behavior is
obtained when neglecting the tangential displacement of the con-
tact layer. A drastic overestimation of the wear losses may result.
Figure 11 illustrates the tangential contact force distribution along
a particular speed-force characteristic. Near the no-load speed, the

driving (F7<<0) and braking tangential contact forces (F;>0)
nearly cancel each other and complicated contact states occur con-
taining several stick-slip subzones.

Figure 12 shows the influence of the stator vibration amplitude
on the speed-force curves. The no-load speed increases propor-
tionally to the increase in the stator vibration amplitude. The stall-
force (force at 0,=0) stays unchanged. In Fig. 13 the influence of
the axial pressure p on the speed-force characteristics is shown.
Naturally, the stall-force increases linearly with increasing axial
pressure. However, the no-load speed decreases due to the in-
crease of the contact length. Additionally, the speed drop is less
distinct with increasing loading force.

As would be expected, a variation of the contact layer height
influences the normal contact layer stiftness, as well as the tan-
gential contact layer stiffness in Eq. (40). Since the contact length
increases with increasing contact layer height, the no-load speed
decreases, see Fig. 14. A more compliant rotor may lead to a more

distinct speed drop along with increasing motor force F,oop This
is illustrated in Fig. 15, where the corresponding speed-force char-
acteristics for different rotor heights are shown.

0 ' ' ' 0.1

F motor

Fig. 12 Speed-force characteristics for various stator vibra-
tion amplitudes, w,
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Fig. 13 Speed-force characteristics for various axial
sures p

pres-

5 Conclusions

The contact problem between rotor and stator of ultrasonic
traveling-wave motors leads to a nonlinear resonance with distinct
jump phenomena. Near the resonance peak, the feedback of the
rotor dynamics on the stator vibration is negligible, resulting in an
almost harmonic stator vibration. Depending on the motor force

Foor @and the rotor speed 0,, a complicated contact state with
several stick and slip subzones within one contact zone may oc-
cur. Information about stick and slip subzones is useful in study-
ing the efficiency and the wear properties of contact layer mate-

00 L L — L 0

F motor

Fig. 14 Speed-force characteristics for various contact layer
heights

0 0.1_ 0.2
Fmotor

Fig. 15 Speed-force characteristics for various rotor heights
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Table 1 Data of the reference model for the numerical analysis

Symbol Reference value Dimension
A 2.34% 1072 m
n, 11

s 5.6X1073 m
hy 6.54x 1073 m
h, 3.5x1073 m
h, 2Xx 107 m
0, 8.8 103 kg/m3
0, 2.65% 10 kg/m?
E* 0.3x1.1x10" N/m?
E, 710 N/m?
E, 1x10° N/m?
V. 0.3

Faxial 900 N
kg, k, 5% 107 N/m?
tan &, b 0.1

7 0 s
Qs 27X 42,200 rad/s
o 0.1

“Young’s modulus is multiplied by 0.3 to adjust the eigenfrequency of the stator
model to that of a physical stator.
"Used for both normal and tangential direction, see Ref. [14], p. 292.

rials. The characteristic that the speed drops as the motor force
increases can be strongly influenced by changes in the stiffness of
the contact layer, as well as of the rotor. With relatively stiff
contact layer material and rotor, the rotor speed is nearly constant
over a wide range of motor forces. Desired speed-torque charac-
teristics may be obtained through proper design of the motor with-
out additional control effort. Despite this, a good understanding of
the motor behavior would be useful when designing a controller
for USMs.

To summarize, it can be said that the mathematical model pre-
sented and analyzed in this paper can be used as a tool for opti-
mizing the design of ultrasonic traveling-wave motors in steady-
state operation.

Appendix A: Table of Reference Data

The reference data are shown in Table 1.

Appendix B: Nondimensional Model Quantities

For the presentation of the results it is useful to scale the con-
tact model quantities. Therefore, three characteristic quantities are
introduced a characteristic axial preload, [F,y, ], @ characteristic
normal pressure, [p], and a characteristic no-load speed, [v,]

hQ
Sl (@) (B1)
Cc

F. .
[Faxial] = Faxial? [[7] = aXlal7 [vr] =
n,\ 2

The model data are taken from Table 1. The nondimensional field
quantities of the contact forces are

= Fy® - Fi(®)
Fy() = , FiX) = —= (B2)
N [p] ! [p]
and the nondimensional motor parameters will be given as
_ F.. — F v
Foooa= axial , F = motor , b= X . xesrc
il [Faxial] ot [Faxial] ) [vr]
(B3)

Additionally, a nondimensional contact length is introduced ac-
cording to
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C+b
= ,

N
The characteristic normal pressure, see Eq. (26), describes the
contact pressure between stator and rotor for the stator at rest. The
characteristic no-load speed, [v,], is defined as the speed of the
rotor at Fp =0 in Eq. (45) for a particular reference no-load
motor operation state. In this case, the driving and braking forces
of iT(E) in Eq. (67) must cancel each other. Equation (B1) is
obtained by assuming a pure stick condition, i.e., U,=0, as well
as ignoring damping effects (d,=d,=0) and subsequently insert-
ing Egs. (39), (40), and (48) into Eq. (45) and carrying out the
integration procedure. The integration constant K*k in Eq. (48) is
determined by taking the boundary condition in Eq. (44) into ac-
count. The reference no-load motor operation state requires the
determination of the reference normal contact state. Therefore, the
variables ¢* and w,(¢*) must be computed for a contact model
with rigid rotor w/(¥)=0 and d,=d.=0. The bending moment ex-

ae[0,1] (B4)

citation M is adjusted to give a stator vibration amplitude of vf}“t
=2 um. The reference normal contact state then yields ¢*

=3.25 mm, WS(E*)=1.75 um, and thus [v,]=0.47 m/s follows.
The motor output force at zero rotational speed is called the
stall-force. Assuming a pure slip tangential contact state at stall-

. . £
force, this force may be computed by the equation F .

= uF - Dividing this equation by [ F,y,] and taking the friction

coefficient from Table 1 results in F*

motor=0-1. Now, a reference

no-load speed and a reference stall-torque are defined at faxial
=1: 17::= 1, F* :=0.1. In the case of a rotational USM with

motor *
diameter 90 mm, for example, these data yield no-load speed:

U*=100 rpm, stall-torque: 7°=4 Nm.
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